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Abstract
A necessary condition for the existence of an almost resolvable (v; 5; 1)-perfect Mendelsohn
design is v ≡ 1 (mod 5). This condition is shown to be su3cient for all such v except v=6 and
possibly v = 26. ? 2002 Elsevier Science B.V. All rights reserved.
MSC: primary 05B05
Keywords: Perfect Mendelsohn design; Almost resolvable perfect Mendelsohn design; Frame
perfect Mendelsohn design
1. Introduction
A set of k elements {a1; a2; : : : ; ak} is said to be cyclically ordered by a1¡a2¡ · · ·
¡ak ¡a1 and the pair ai; ai+t are said to be t-apart in a cyclic k-tuple (a1; a2; : : : ; ak)
where i + t is taken modulo k.
Let v; k and 	 be positive integers. A (v; k; 	)-Mendelsohn design, denoted brie;y
by (v; k; 	)-MD, is a pair (X;B) where X is a v-set (of points) and B is a collection
of cyclically ordered k-subsets of X (called blocks) such that every ordered pair of
points of X are consecutive in exactly 	 blocks of B. If for all t=1; 2; : : : ; k−1, every
ordered pair of points of X are t-apart in exactly 	 blocks of B, then the (v; k; 	)-MD
is called a perfect design and denoted brie;y by (v; k; 	)-PMD.
In graph-theoretic terms, a (v; k; 	)-PMD is equivalent to a decomposition of the
complete directed multigraph 	DKv on v vertices into k-circuits such that for any
r; 16r6k − 1, and for any two distinct vertices x and y there are exactly 	 circuits
along which the (directed) distance from x to y is r.
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If we ignore the cyclic order of the vertices in the circuits, then a (v; k; 1)-PMD
becomes a balanced incomplete block design with parameters v; k and 	 = k − 1,
brie;y denoted by (v; k; k−1)-BIBD. Therefore, we can consider a perfect Mendelsohn
design as a generalization of balanced incomplete block designs. Mendelsohn [19] !rst
introduced the concept of a perfect cyclic design. This concept has been further studied
by various authors, including Hsu and Keedwell [17], where the designs were called
perfect Mendelsohn designs. We have since adopted this terminology.
If the blocks of a (v; k; 	)-PMD for which v ≡ 1 (mod k) can be partitioned into
	v sets each containing (v− 1)=k blocks which are pairwise disjoint (as sets), we say
that the (v; k; 	)-PMD is almost resolvable and each set of (v− 1)=k pairwise disjoint
blocks together with the singleton which is the only element not contained in any of
its blocks is called a parallel class. An almost resolvable (v; k; 	)-PMD is denoted by
(v; k; 	)-ARPMD.
It is easy to see that the necessary condition for the existence of a (v; k; 	)-ARPMD
is the following:
v ≡ 1 (mod k):
In [9], Bennett et al. proved that there exists a (v; k; 1)-ARPMD for all su3ciently
large v with k¿3 and v ≡ 1 (mod k). For k = 3 and 4, the problem of existence of
(v; k; 1)-ARPMDs has been completely settled. We have the following results.
Theorem 1.1 (Bennett and Sotteau [11]). A (v; 3; 1)-ARPMD exists if and only if
v ≡ 1 (mod 3).
Theorem 1.2 (Bennett [7], Bennett and Xuebin [13], Lamken et al. [18]). A (v; 4; 1)-
ARPMD exists if and only if v ≡ 1 (mod 4).
In this paper, we shall focus our attention on the problem of existence of (v; 5; 1)-
ARPMDs. It is shown that the necessary condition for the existence of a (v; 5; 1)-
ARPMD, namely, v ≡ 1 (mod 5), is also su3cient, except for v = 6 and possibly for
v= 26.
2. Recursive constructions
To describe our recursive constructions, we need the following auxiliary designs.
For more detailed information on some of these related combinatorial structures, the
reader is referred to [14,22].
Let DKn1 ;n2 ;:::;nh be the complete multipartite directed graph with vertex set X =⋃
16i6h Xi, where Xi (16i6h) are disjoint sets with |Xi| = ni; v =
∑
16i6h ni, and
where two vertices x and y from diNerent sets Xi and Xj are joined by exactly one arc
from x to y and one arc from y to x. A holey perfect Mendelsohn design (HPMD)
with block size k is an order pair (X;A) where A is a set of k-circuits (directed cycles
of length k), called blocks, which form an arc-disjoint decomposition of DKn1 ;n2 ;:::;nh
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with the property that for any integer r (16r6k − 1) and any two vertices x and y
from diNerent sets Xi and Xj, there is exactly one circuit c ∈ A such that the directed
distance along c from x to y is r. Each Xi (16i6h) is called a hole (or group) of the
design and the multiset {n1; n2; : : : ; nh} is called the type of the design. We denote the
design by (v; k; 1)-HPMD (or brie;y k-HPMD) and use an “exponential” notation to
describe its type in general: a type 1i2r3k : : : denotes i occurrences of 1; r occurrences
of 2, etc.
A k-HPMD is called a frame k-PMD if its blocks can be partitioned into partial
parallel classes, each containing every point of X \Xi exactly once for some group Xi.
We use k-FPMD to denote it.
A pairwise balanced design (PBD) is a pair (X;A) such that X is a set of elements
(called points), and A is a set of subsets (called blocks) of X , such that every unordered
pair of points is contained in a unique block in A. If v is a positive integer and
K is a set of positive integers, then we say that (X;A) is a (v; K)-PBD if |X | =
v, and |A| ∈ K for every A ∈ A. The integer v is called the order of the PBD.
Using this notation, we can de!ne a BIBD B(k; 1; v) to be a (v; {k})-PBD. We shall
denote by B(K) the set of all integers v for which there exists a (v; K)-PBD. For
convenience, we de!ne B(k1; k2; : : : ; kr) to be the set of all integers v such that there
is a (v; {k1; k2; : : : ; kr})-PBD.
A group divisible design (GDD) is a triple (X;G ;B) which satis!es the following
properties:
1. G is a partition of a set X (of points) into subsets called groups;
2. B is a set of subsets of X (called blocks) such that a group and a block contain at
most one common point;
3. every pair of points from distinct groups occurs in a unique block.
The group-type (or type) of the GDD is the multiset {|G|: G ∈ G}. As with HPMDs
we use an “exponential” notation to describe group-type. A GDD (X;G ;B) will be
referred to as a K-GDD if |B| ∈ K for every block B in B.
A GDD or BIBD is said to be resolvable if its blocks can be partitioned into
parallel classes each of which spans the set of points. We denote them by K-RGDD
or k-RBIBD.
A transversal design (TD) TD(k; n) is a GDD of group type nk and block size k.
A resolvable TD(k; n) (denoted by RTD(k; n)) is equivalent to a TD(k + 1; n). It is
well known that a TD(k; n) is equivalent to k − 2 mutually orthogonal Latin squares
(MOLS) of order n. It is also known that the existence of a (v; k; 1)-PMD implies the
existence of a TD(k; v) with an automorphism which cyclically permutes its groups.
An incomplete transversal design (ITD), TD(k; v)−∑16i6r TD(k; ui) is a structure
(X ; (Yi)16i6r ;G ;A) where X is a set of kv elements called points, G ={G1; G2; : : : ; Gk}
is a partition of X into k groups each containing v points, each Yi is a hole consisting
of kui points such that |Yi ∩ Gj| = ui for 16i6r, Yi ∩ Yj = ∅ for i = j and A is a
collection of subsets of X (blocks), each meeting each group in exactly one point.
Furthermore, no block contains two distinct points in any group or any hole, but any
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other 2 points in X appear together in exactly 1 block of A. When {Y1; Y2; : : : ; Yr}
forms a partition of X , the resulting design is called holey transversal design (HTD)
of type u1; u2; : : : ; ur .
To obtain our main results, we shall use the following basic constructions. These
constructions are similar to those used in [20,21,12].
Construction 2.1. (Weighting) Let (X ;G ;A) be a GDD; and let w :X → Z+∪{0} be
a weight function on X . Suppose that for each block A ∈ A; there exists a k-FPMD
of type {w(x): x ∈ A}. Then there is a k-FPMD of type {∑x∈Gi w(x): Gi ∈ G}.
Construction 2.2. (In=ating FPMDs by RTDs) If there exists a k-FPMD of type hu
and an RTD(k; m); then there exists a k-FPMD of type (mh)u.
Construction 2.3. (Filling in holes) Suppose there is a k-FPMD with type T={ti: i=
1; 2; : : : ; n} and let a¿0. For i = 1; 2; : : : ; n; suppose there is a k-FPMD with type
Ti ∪ {a}; where
∑
t∈Ti t = ti. Then there is a k-FPMD with type (
⋃n
i=1 Ti) ∪ {a}.
In order to use the above constructions, we need the following known results on
TDs.
Lemma 2.4 (Colbourn and Dinitz [15]).
(1) An RTD(5; t) exists for all t ¿ 4 except for t=6 and possibly for t ∈ {10; 14; 18; 22}.
(2) A TD(9; 8t) exists for all t¿1 except possibly for t = 3.
(3) A TD(q+ 1; q) exists when q is a prime power.
3. Direct constructions
The constructions used in this paper will combine both direct and recursive methods.
Finite !elds and abelian groups play important roles in our direct constructions. For
most of our direct constructions, we use a method similar to that for diNerence sets in
the construction of BIBDs, where !nite abelian groups are used to generate the set of
blocks for a given design. That is, instead of listing all the blocks of the design, we
shall list a set of base blocks and generate the others by an additive group and perhaps
some further automorphisms. If G is the additive group under consideration, then we
shall adopt the following convention:
devB = {B+ g: B ∈ B and g ∈ G};
where B is the collection of base blocks of the design.
Lemma 3.1 (Abel et al. [1], Bennett et al. [9]). If p ≡ 1 (mod 5) is a prime power;
then there exists a 5-FPMD of type 1p.
Lemma 3.2 (Abel et al. [1]). There exists a 5-FPMD of type 1v for v ∈ {21; 36; 46}.
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Lemma 3.3. There exists a 5-FPMD of types 1v for v= 51 and 91.
Proof. For v= 51, let the point set be Z51. Consider the following 5 blocks:
(5; 8; 14; 9; 34); (33; 3; 27; 16; 32); (29; 47; 6; 44; 36); (30; 10; 12; 49; 26);
(1; 13; 28; 11; 20):
Multiply these blocks by 1 and −1mod 51; the resulting 10 blocks form a holey parallel
class missing {0}. Cycle them all mod 51.
For v= 91, let the point set be Z91. Consider the following 3 blocks:
(18; 29; 67; 42; 8); (85; 26; 82; 76; 46); (28; 30; 51; 22; 68):
Multiplying these blocks by 10i (06i65) gives 18 blocks, which form a partial parallel
class missing {0}. Cycle them all mod 91.
Lemma 3.4. There exist 5-FPMDs of types 207 and 207301; and hence also 5-FPMDs
of types 1141 and 1171.
Proof. For type 207301; let X= {x1; x2; : : : ; x30}, and take the point set as Z140 ∪ X .
Also, take {{j; 7 + j; 14 + j; : : : ; 133 + j}: j = 0; 1; 2; : : : ; 6} ∪ X as the hole set of this
5-FPMD. Below are the required initial base blocks.
(0; 66; 54; 123; 27); (x1; 8; 18; 66; 30); (x7; 73; 76; 138; 43);
(x13; 137; 16; 101; 1); (x19; 120; 53; 31; 72); (x25; 5; 51; 34; 25):
Multiply these blocks by 19i (06i65)mod 140 and replace xi by xi+1; xi+2; : : : ; xi+5 for
i ∈ {1; 7; 13; 19; 25}. Since all points in the !rst block are distinct mod 5, this block
and its multiples each generate 5 partial parallel classes missing the in!nite points. The
other 30 base blocks form a partial parallel class missing {0; 7; 14; : : : ; 133}.
For type 207 the construction is similar. Here the point set is Z140 and we multiply
the blocks below by 19i for 06i65. The resulting 24 blocks form a partial parallel
class missing {0; 7; 14; : : : ; 133}.
(3; 4; 62; 26; 36); (69; 73; 22; 109; 61); (23; 25; 8; 108; 54);
(90; 93; 19; 60; 15):
Lemma 3.5. There exist 5-FPMDs of type 3p for p ∈ {11; 31; 41; 61; 71}.
Proof. Let the point set be Z3×Zp, with holes Z3×{x} for x ∈ Zp. Note that for p=
11; 31; 41; 61; 71, respectively, x=2; 3; 7; 2 and 7 are primitive elements in Zp. In each
case, 2 base blocks B1; B2 are given; B1 is always of the form ((0; 1); (0; w); (0; w2);
(0; w3); (0; w4)) for w a 5th root of unity in Zp. Multiply B1 by (1; x2t)mod (3; p) for
06t6(p − 11)=10 and B2 by (1; x2t) mod (3; p) for 06t6(p − 3)=2. The resulting
blocks form a partial parallel class missing Z3 × {0} and should all be
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cycled mod (3; p).
p= 11: B1 = ((0; 1); (0; 3); (0; 9); (0; 5); (0; 4));
B2 = ((0; 8); (1; 7); (2; 10); (2; 4); (1; 3));
p= 31: B1 = ((0; 1); (0; 2); (0; 4); (0; 8); (0; 16));
B2 = ((0; 15); (1; 16); (2; 27); (2; 8); (1; 12));
p= 41: B1 = ((0; 1); (0; 37); (0; 16); (0; 18); (0; 10));
B2 = ((0; 11); (1; 15); (2; 18); (2; 29); (1; 36));
p= 61: B1 = ((0; 1); (0; 9); (0; 20); (0; 58); (0; 34));
B2 = ((0; 11); (1; 12); (2; 20); (2; 6); (1; 50));
p= 71: B1 = ((0; 1); (0; 5); (0; 25); (0; 54); (0; 57));
B2 = ((0; 13); (1; 14); (2; 21); (2; 18); (1; 43)):
Lemma 3.6. There exists a 5-FPMD of type 26.
Proof. This construction comes from Lemma 2:1 of [2]. The point set for this FPMD
is {1; 2; : : : ; 12} and the hole set is {{1; 7}; {2; 6}; {3; 5}; {4; 9}; {8; 10}; {11; 12}}. We
list half of the partial parallel classes below together with the holes they miss. We then
reverse each block to obtain another half.
{1; 7}: (2; 4; 10; 3; 11); (5; 6; 9; 8; 12);
{2; 6}: (1; 3; 12; 9; 10); (4; 8; 5; 7; 11);
{3; 5}: (1; 9; 2; 8; 11); (4; 6; 12; 10; 7);
{4; 9}: (1; 5; 11; 10; 6); (2; 3; 8; 7; 12);
{8; 10}: (1; 2; 5; 4; 12); (3; 7; 6; 11; 9);
{11; 12}: (1; 4; 3; 6; 8); (2; 7; 9; 5; 10):
Lemma 3.7. There exist 5-FPMDs of type g6 for g ∈ {6; 7; 8; 9; 11}:
Proof. Let the point set be Z5g ∪ X , X = {x1; x2; x3; : : : ; xg}, and let {{j; j + 5;
j + 10; : : : ; j + 5(g − 1)}: j = 0; 1; : : : ; 4} ∪ X be the hole set of the 5-FPMD. Be-
low are the required initial base blocks. The last block (for g = 6) is ‘short’ and
generates only g blocks which form a partial parallel class missing X ; so do the last
2 base blocks for g = 7, the last 3 for g = 8 the last 4 for g = 9, and the last 1 for
g=11. In each case, the !rst block also generates 5 partial parallel classes missing X
and the other base blocks form a partial parallel class missing {0; 5; 10; : : : ; 5(g− 1)}.
g= 6 : (0; 29; 1; 22; 8); (x1; 4; 13; 26; 27); (x2; 18; 16; 9; 12);
(x3; 1; 19; 3; 7); (x4; 2; 29; 21; 28); (x5; 23; 17; 6; 14);
(x6; 8; 24; 11; 22); (0; 6; 12; 18; 24):
g= 7 : (0; 19; 1; 17; 13); (x1; 29; 23; 31; 32); (x2; 33; 1; 24; 22);
(x3; 14; 11; 3; 7); (x4; 8; 19; 21; 7); (x5; 4; 13; 26; 12);
(x6; 6; 18; 9; 12); (x7; 28; 17; 16; 34); (0; 7; 14; 21; 28);
(0; 14; 28; 7; 21):
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g= 8 : (0; 24; 6; 27; 3); (x1; 23; 22; 34; 36); (x2; 21; 18; 7; 14);
(x3; 8; 39; 26; 27); (x4; 19; 28; 31; 17); (x5; 2; 13; 6; 4);
(x6; 9; 37; 3; 16); (x7; 1; 24; 38; 32); (x8; 11; 29; 23; 12);
(0; 8; 16; 24; 32); (0; 16; 32; 8; 24); (0; 32; 24; 16; 8):
g= 9: (0; 1; 39; 7; 23); (x1; 3; 2; 36; 34); (x2; 43; 17; 11; 19);
(x3; 4; 7; 21; 33); (x4; 9; 42; 1; 8); (x5; 44; 28; 6; 32);
(x6; 31; 23; 29; 12); (x7; 14; 16; 13; 37); (x8; 18; 39; 26; 22);
(x9; 27; 38; 24; 41); (0; 9; 18; 27; 36); (0; 18; 36; 9; 27);
(0; 27; 9; 36; 18); (0; 36; 27; 18; 9):
g= 11: (0; 1; 24; 3; 42); (0; 2; 43; 14; 26); (x1; 3; 22; 26; 54);
(x2; 37; 33; 21; 24); (x3; 27; 9; 8; 16); (x4; 49; 32; 48; 41);
(x5; 31; 23; 34; 52); (x6; 28; 42; 29; 6); (x7; 44; 11; 38; 7);
(x8; 12; 18; 39; 46); (x9; 43; 19; 36; 17); (x10; 13; 4; 2; 51);
(x11; 14; 47; 1; 53); (0; 44; 33; 22; 11):
Lemma 3.8. There exist 5-FPMDs of type 1v61 for v ∈ {25; 30; 35; 40}.
Proof. Let the point set be Zv ∪X , X = {x1; x2; x3; x4; x5; x6}, and let {{j}: j=0; 1; : : : ;
v− 1} ∪ X be the hole set of the 5-FPMD. Below are the required base blocks.
v= 25: (0; 19; 1; 2; 8); (x1; 11; 13; 6; 15); (x2; 23; 1; 12; 20);
(x3; 3; 7; 19; 16); (x4; 18; 17; 8; 21); (x5; 14; 4; 2; 22);
(x6; 10; 24; 9; 5); (0; 5; 10; 15; 20):
v= 30: (0; 24; 1; 2; 28); (x1; 2; 17; 16; 27); (x2; 20; 25; 29; 18);
(x3; 10; 23; 26; 6); (x4; 28; 14; 22; 9); (x5; 11; 4; 1; 19);
(x6; 7; 21; 13; 8); (12; 24; 15; 5; 3); (0; 6; 12; 18; 24):
v= 35: (0; 2; 9; 3; 11); (x1; 14; 24; 17; 9); (x2; 3; 34; 16; 15);
(x3; 26; 29; 20; 4); (x4; 8; 21; 22; 10); (x5; 7; 5; 25; 30);
(x6; 2; 13; 19; 6); (1; 33; 12; 28; 18); (11; 23; 32; 27; 31);
(0; 21; 7; 28; 14):
v= 40: (0; 7; 29; 28; 31); (x1; 5; 24; 36; 32); (x2; 18; 26; 27; 31);
(x3; 30; 23; 4; 2); (x4; 16; 21; 6; 19); (x5; 34; 20; 11; 38);
(x6; 37; 29; 7; 22); (1; 12; 35; 15; 17); (13; 8; 14; 28; 25);
(33; 10; 39; 9; 3); (0; 16; 32; 8; 24):
In each of these designs, the !rst block generates 5 partial parallel classes missing
the in!nite points while the last block (short) generates 1 such class. The other base
blocks form a partial parallel class missing {0}.
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Lemma 3.9. If v ∈ {56; 66; 76}; then there exists a 5-FPMD of type 1v−11111; hence
a 5-FPMD of type 1v.
Proof. Let the point set be Zv−11 ∪ X , X = {x1; x2; : : : ; x11}, and let {{j}: j = 0; 1; : : : ;
v− 12} ∪ X be the hole set of the 5-FPMD. Below are the required base blocks.
v= 56: (0; 17; 26; 3; 4); (0; 19; 2; 36; 3); (x1; 2; 7; 1; 28);
(x2; 17; 4; 15; 29); (x3; 33; 41; 20; 26); (x4; 44; 6; 5; 40);
(x5; 39; 14; 35; 19); (x6; 23; 36; 38; 31); (x7; 27; 12; 30; 34);
(x8; 10; 8; 24; 16); (x9; 25; 3; 43; 13); (x10; 37; 18; 21; 9);
(x11; 11; 42; 22; 32); (0; 36; 27; 18; 9):
v= 66: (0; 12; 51; 48; 39); (0; 14; 42; 46; 53); (1; 42; 5; 25; 2);
(4; 41; 7; 32; 6); (x1; 13; 18; 37; 24); (x2; 16; 40; 36; 8);
(x3; 30; 11; 45; 28); (x4; 46; 26; 20; 12); (x5; 54; 43; 49; 9);
(x6; 17; 10; 27; 35); (x7; 44; 19; 22; 31); (x8; 53; 21; 47; 14);
(x9; 15; 48; 33; 23); (x10; 50; 38; 51; 52); (x11; 3; 34; 29; 39);
(0; 11; 22; 33; 44):
v= 76: (0; 12; 51; 23; 59); (0; 44; 2; 51; 48); (42; 18; 33; 47; 49);
(51; 55; 8; 48; 40); (52; 53; 26; 11; 63); (57; 24; 5; 30; 59);
(x1; 15; 37; 46; 36); (x2; 14; 13; 34; 41); (x3; 28; 31; 25; 16);
(x4; 20; 62; 21; 1); (x5; 3; 22; 38; 58); (x6; 32; 45; 7; 50);
(x7; 60; 29; 12; 17); (x8; 2; 10; 61; 43); (x9; 56; 19; 54; 64);
(x10; 6; 39; 27; 23); (x11; 44; 9; 4; 35); (0; 26; 52; 13; 39):
In these designs, the !rst two blocks each generate 5 partial parallel classes missing
the in!nite points while the last block (short) generates 1 such class. The other base
blocks form a partial parallel class missing {0}.
Lemma 3.10. There exist 5-FPMDs of types 10u151 for u=7; 13 and hence 5-FPMDs
of types 186 and 1146.
Proof. Let the point set be Z10u ∪ X , X = {x1; x2; : : : ; x15}, and let {{j; u + j;
2u + j; : : : ; 9u + j}: j = 0; 1; 2; : : : ; u − 1} ∪ X be the hole set of the 5-FPMD. Below
are the required base blocks.
u= 7: (0; 16; 4; 33; 27); (x1; 2; 12; 57; 48); (x4; 50; 53; 13; 24);
(x7; 5; 39; 65; 17); (x10; 16; 64; 41; 66); (x13; 51; 18; 10; 69):
u= 13: (0; 34; 82; 33; 66); (x1; 56; 64; 5; 84); (x4; 51; 74; 85; 95);
(x7; 92; 58; 55; 8); (x10; 30; 57; 103; 89); (x13; 29; 47; 72; 12);
(1; 41; 20; 32; 86); (66; 33; 93; 88; 11); (6; 48; 80; 129; 120);
(27; 34; 3; 17; 119):
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Multiply these blocks by 1; 11; 51mod 70 for u=7 and by 1; 61; 81mod 130 for u=13.
Also, for i ∈ {1; 4; 7; 10; 13} replace xi by xi+1 and xi+2 when multiplying by 11 and
51 or 61 and 81. In both cases, the !rst block and its multiples each generate !ve
partial parallel classes missing the in!nite points; the others form a partial parallel class
missing {0; u; 2u; : : : ; 9u}.
Lemma 3.11. There exist 5-FPMDs of types 1011; 159 and hence also 5-FPMDs of
types 1111 and 1136.
Proof. For type 1011, let the point set be Z110, and let {{j; 11 + j; 22 + j; : : : ;
99 + j} : j = 0; 1; 2; : : : ; 10} be the hole set of the 5-FPMD. Below are the required
base blocks.
(3; 24; 42; 56; 106); (5; 18; 87; 61; 67); (34; 63; 39; 59; 62);
(20; 91; 78; 30; 35):
Multiplying these blocks by 31i (06i64)mod 110 gives 20 blocks, which form a
partial parallel class missing {0; 11; 22; : : : ; 99}.
For type 159, let the point set be Z15 × GF(9), and let x be a primitive element
in GF(9) satisfying x2 = 2x + 2. Here the holes are {(y; z); (y + 1; z); : : : ; (y + 14; z)}
for z ∈ GF(9). Below are the !rst 3 base blocks. Multiplying them all by (1; x2t) and
(4; x2t+1) mod (15; 32) for 06t63 gives 24 base blocks which form a partial parallel
class missing Z15 × {0}.
((7; x + 2); (4; 2x + 1); (11; 2); (11; x); (10; 2x));
((6; x + 1); (8; 2); (3; x); (8; 2x + 2); (0; 2x + 1));
((3; x + 2); (4; x); (5; 2x); (13; 2); (9; 2x + 2)):
Lemma 3.12. There exist 5-FPMDs of type 157u1 for u ∈ {10; 20}; and hence
5-FPMDs of types 1116 and 1126.
Proof. Let the point set be Z105 ∪ X , X = {x1; x2; x3; x4; : : : ; xu}, and let {{j; j + 7;
j + 14; : : : ; j + 98}: j = 0; 1; : : : ; 6} ∪ X be the hole set of the 5-FPMD. Below are the
required initial base blocks to be multiplied by 1 and 76. For any i ∈ {1; 3; 5; : : : ; 19},
replace xi by xi + 1 when multiplying by 76.
u= 10: (0; 59; 57; 88; 51); (5; 48; 67; 87; 8); (45; 50; 79; 26; 95);
(72; 33; 22; 59; 11); (32; 94; 23; 47; 64); (54; 76; 66; 36; 39);
(x1; 85; 69; 75; 18); (x3; 44; 104; 40; 73); (x5; 37; 15; 62; 53);
(x7; 43; 96; 31; 41); (x9; 61; 57; 58; 25):
u= 20: (0; 12; 31; 53; 64); (0; 54; 92; 81; 38); (2; 46; 24; 64; 41);
(x1; 4; 9; 48; 45); (x3; 72; 52; 68; 32); (x5; 88; 101; 43; 16);
(x7; 29; 44; 3; 53); (x9; 58; 27; 33; 50); (x11; 59; 40; 69; 22);
(x13; 82; 10; 86; 8); (x15; 92; 75; 65; 90); (x17; 55; 1; 19; 87);
(x19; 80; 6; 51; 81):
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Here again, the !rst block (for u=10) and the !rst two (for u=20) plus their multiples
each generate !ve partial parallel classes missing the in!nite points. The others form
a partial parallel class missing {0; 7; 14; : : : ; 98}.
Lemma 3.13. There exist 5-FPMDs of types 157 and 1511351 and hence 5-FPMDs
of types 1106 and 1201.
Proof. For type 157, let Z105 be the point set and {{j; j + 7; j + 14; : : : ; j + 98}: j =
0; 1; : : : ; 6} the hole set of the 5-FPMD. If we let aB + c denote the block obtained
by !rst multiplying all elements of B by a and then adding c to them all, then the
required 18 base blocks which form a partial parallel class missing {0; 7; 14; : : : ; 98}
are Bi, 16Bi + 35 and 46Bi + 70 where
B1 = (67; 80; 15; 72; 6); B2 = (87; 41; 36; 54; 81);
B3 = (52; 60; 9; 12; 76); B4 = (13; 78; 94; 11; 103);
B5 = (45; 8; 79; 19; 53); B6 = (48; 92; 4; 30; 5):
For type 1511351, the point set is Z165 ∪ X for X = {x1; x2; x3; x4; : : : ; x35} and the hole
set is {{j; j + 11; j + 22; : : : ; j + 154}: j = 0; 1; : : : ; 10} ∪ X . Let:
B1 = (1; 49; 157; 70; 163); B2 = (2; 65; 83; 41; 29);
B3 = (0; 46; 59; 28; 62); B4 = (x1; 5; 50; 90; 91);
B5 = (x6; 3; 40; 31; 45); B6 = (x11; 78; 164; 108; 71);
B7 = (x16; 27; 138; 85; 124); B8 = (x21; 63; 59; 79; 104);
B9 = (x26; 156; 158; 58; 43); B10 = (x31; 131; 35; 28; 150):
Here the required base blocks are Bi; −1 · Bi for i = 1; 2 and Bi; 16Bi + 33; 91Bi +
66; 136Bi + 99; 31Bi + 132 for 36i610. Here for any j ∈ {1; 6; 11; : : : ; 31}, re-
place xj by xj+1; : : : ; xj+4 when multiplying by 16; 91; 136 and 31. Seven of the base
blocks, −1 · B1; −1 · B2, and the 5 multiples of B3 each generate 5 partial paral-
lel classes missing X . The other 37 base blocks form a partial parallel class missing
{0; 11; 22; : : : ; 154}.
We now have the necessary information to start constructing 5-ARPMDs recursively,
but before we do that, we mention some new HMOLS which are obtainable from the
direct FPMD constructions in this section.
4. Existence of 4 HMOLS
In this section, we look at the existence of 4 HMOLS where all holes have the same
size; if there are u such holes then the hole type is said to be gu. In [15, p. 170–171],
a list of known HMOLS for g620 and u650 is given; some of the designs obtained
in the previous section provide improvements on this list. It is well known that a
k-HPMD of any type implies existence of a k-HTD of the same type, or equivalently
k − 2 HMOLS of this type. Further, if the given HPMD is a frame (an FPMD) then
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the resulting HTD will also be a frame; in this case, a k+1-HTD (also k−1 HMOLS)
can be obtained by adding an extra group of points, each extra point being added to a
holey parallel class of points missing the hole in which it is to appear.
Using this result, we can deduce the following theorem. The required 5-FPMDs are
all given in Lemmas 3.11, 3.5–3.7, except those of type 5u, u ∈ {6; 10; 14; 15} which
were given in Lemmas 3.2 and 3.3 of [1].
Lemma 4.1. There exist 4 HMOLS of the following types:
1. 341; 371; and 1011.
2. g6 for g= 2; 5; 6; 7; 9; 11.
3. 5u for u= 10; 14; 15.
For the other parameter sets of type gk where we found 5-FPMDs, 4 HMOLS of
type gk are already known. For instance, 4 HMOLS(311) can be found in [8] while
for 331 and 361, even 7 HMOLS are known [5].
The above HMOLS can also be used to obtain other sets of 4 HMOLS using known
recursive techniques. We have the following two known recursive constructions from
[16].
Construction 4.2. If there exist a (v; K; 1)-PBD and k HMOLS of type gk for all
k ∈ K then there exist k HMOLS of type gv.
Construction 4.3. If there exist k HMOLS of type gu and a TD(k; t) then there exist
k HMOLS of type (gt)u.
Lemma 4.4. There exist 4 HMOLS of the following types:
1. m6 for m= 10; 14; 16; 18.
2. m31 for m= 2; 6; 10; 14; 18.
3. mu for m= 2; 10; 14; 18 and u= 36; 42; 48.
Proof. For type m6, m=10; 14; 16; 18, apply Construction 4:3 with g=2 and t=m=2.
Then for m31, m=2; 6; 10; 14; 18, apply Construction 4:2, noting that a (31; 6; 1) BIBD
exists. For 2u, u=36; 42; 48 we !rst note that 4 HMOLS of types 126; 127 and 128 exist
[15]; !ll in each hole of size 12 with 4 HMOLS of type 26. Finally, for m=10; 14; 18
and u= 36; 42; 48, we again apply Construction 4:3 with g= 2 and t = m=2.
Remark 4.5. By adding an in!nite point to 4 HMOLS of types 66, 76 and forming 4
MOLS(7) or 4 MOLS(8) on each hole of size 6 or 7 plus the in!nite point, one can
obtain 4 IMOLS(37; 7) and 4 IMOLS(43; 8). 4 IMOLS(43; 8) were previously unknown
[15], but 4 IMOLS(37; 7) have also been obtained from a 6-IPMD(37; 7) [3].
Lemma 4.6. There exist 4 HMOLS of type 4u for u ∈ {16; 21; 26}:
Proof. From [4], there exists a (4u + 1; 5; 1)-RBIBD for these values of u; delete 1
point to obtain a (5; 1) frame of type 4u and form a (5; 5; 1)-PMD on each block in
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the frame. There are 4 blocks in the (5; 5; 1)-PMD so each partial parallel class in the
(5; 1) frame of type 4u generates 4 partial parallel classes missing the same group in
the resulting FPMD.
To conclude this section, we mention the following:
Remark 4.7. The general existence problem for 4 HMOLS(gu) is still a long way from
being solved, but it would be a major step forward if the 3 smallest unknown cases,
types 27; 36 and 39 could be obtained. In particular, most unknown cases with g even
could be obtained by Constructions 4:2 and 4:3 if type 27 could be obtained.
We now revert back to our original problem of constructing 5-ARPMDs.
5. Recursive constructions: the case v6216
In Section 3, direct constructions were either given or quoted from [1] for all v ≡
1 (mod 5); v6151, except 6; 26; 96. They were also given for the prime powers v =
181; 191; 211 (by Lemma 3.1), for v=171 (by Lemma 3.4), and for v=201 (by Lemma
3.13). In this section, we shall provide recursive constructions for the remaining values
of v6216 except 6 and 26. Throughout the rest of this paper, we shall let V denote
the set {v : a (v; 5; 1)-ARPMD exists}.
Lemma 5.1. {96; 166; 176}⊂V .
Proof. Use Construction 2:2. For v = 96, start with the 5-FPMD(26) in Lemma 3.6
and in;ate by 8 to give a 5-FPMD(166). For v = 176, start with a 5-FPMD(111) and
in;ate by 7 to give a 5-FPMD(1611). Filling in the size 16 holes with a 5-FPMD(116)
then gives the desired result. For v = 166, we in;ate a 5-FPMD(111) by 15 to obtain
a 5-FPMD(1511), then adjoin an in!nite point and form a 5-FPMD(116) on each hole
plus the in!nite point.
Lemma 5.2. 161 ∈ V .
Proof. From [4], there exists a RBIBD(65; 5; 1) which gives us a 6-GDD of type
513151 by adjoining 15 in!nite points. Giving weight two to each point in this 6-GDD,
we obtain a 5-FPMD of type 1013301. Here, we need the 5-FPMD(26) in Lemma 3.6
as an input design. Finally, by adding one in!nite point to this 5-FPMD and using
5-FPMDs of types 111 and 131 to !ll in the holes, we obtain a 5-FPMD(1161).
For our remaining recursive constructions we shall frequently make use of the fol-
lowing lemma which was proved in [1].
Lemma 5.3 (Abel et al. [1]). There exists a 5-FPMD of type 5n for each n¿6 ex-
cept possibly for n ∈ {18; 20; 22; 24; 26; 28; 30; 32; 33; 34; 35; 38; 39; 40; 45}.
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Lemma 5.4. 196 ∈ V .
Proof. Start with the 7-GDD of type 315 from [6] and delete six points from one
block so as to form a {6; 7}-GDD of type 3926. By giving weight 5 to this GDD,
using 5-FPMDs of types 56 and 57, we obtain a 5-FPMD of type 159106. Finally,
adjoin one in!nite point and use 5-FPMDs of types 116 and 111 for the !ll in to obtain
the required 5-FPMD(1196).
Lemma 5.5. If v ∈ {156; 186; 206; 216}, then v ∈ V .
Proof. For v=156, in;ate a 5-FPMD(56) with an RTD(5; 5) to obtain a 5-FPMD(256).
We then add 6 in!nite points and use a 5-FPMD(12561) from Lemma 3.8 plus a
5-FPMD(131) to !ll in the holes so as to obtain a 5-FPMD(1156). Similarly, it can be
done for other cases. For v = 206, we start with a 5-FPMD(58) and in;ate by 5. For
v=186 and 216, start with 5-FPMD(66) and 5-FPMD(76) from Lemma 3.7, and again
in;ate by 5. For these 2 cases, we also need 5-FPMDs of types (136), (141), (13061)
and (13561) to !ll in the holes; these last two FPMDs come from Lemma 3.8.
Summarizing the results in Sections 3 and 5, we have:
Lemma 5.6. If v ≡ 1 (mod 5); v6216 and v ∈ {6; 26}; then a (v; 5; 1)-ARPMD ex-
ists.
6. Recursive constructions: The case v ¿ 216
All designs in this section are obtained using the 5-FPMDs of type 5n in Lemma
5.3. First, we need the following working lemma.
Lemma 6.1. Suppose m = 5, 16x611 and a TD(6+x; m) exists. Suppose also there
exist 5-FPMDs of type 15t+1 for t =m; a1; a2; a3; : : : ; ax where 06ai6m for 16i6x.
If v= 30m+ 5(a1 + a2 + · · ·+ ax) + 1; then there exists a 5-FPMD of type 1v.
Proof. Truncate x groups in TD(6 + x; m) to sizes ai, 16i6x, to obtain a {6; 7; : : : ;
6+x}-GDD of type m6a11a12 : : : a1x . Applying Construction 2:1 with weight 5, adding one
in!nite point and using 5-FPMDs of types 15t+1 for t=m; a1; : : : ; ax to !ll in the holes,
then gives the design as desired. Here 5-FPMDs of types 5n for n ∈ {6; 7; : : : ; 6 + x}
are needed as input designs; these all exist by Lemma 5.3. The proof is complete.
Lemma 6.2. If v ≡ 1 (mod 5) and 2216v61936; then v ∈ V .
Proof. Apply Lemma 6.1 with the values of m and x shown below, a1 ∈ {2; 3} and ai
even, 06ai6m for i¿2. This gives v ∈ V , for v within the intervals given. Here we
need 5-FPMDs of type 15n+1 for n ∈ {2; 3} and for n even, 06n632 to !ll in holes;
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these come from Lemmas 3.1–3.3.
Range for v
[221; 256] : m= 7; x = 2;
[251; 336] : m= 8; x = 3;
[341; 596] : m= 11; x = 6;
[521; 1046] : m= 17; x = 7;
[971; 1936] : m= 32; x = 7:
Lemma 6.3. If v ≡ 1 (mod 10) and v¿1691; then v ∈ V .
Proof. From Lemma 2.4, we have a TD(9; 8t) for any positive integer t = 3. Apply
Lemma 6.1 with m= 8t, t¿7, x = 3, a1 ∈ {2; 3} and ai even, 06ai632, for i = 2; 3.
This gives [240t+11; 240t+336]⊂V . For t=7, this covers the interval [1691; 2016].
It is not di3cult to check that consecutive intervals here overlap when t ranges over
[7;∞]. This completes the proof.
Now, we are in a position to state our main result.
Theorem 6.4. The necessary condition for existence of a (v; 5; 1)-ARPMD; namely;
v ≡ 1 (mod 5); is also su?cient except for v= 6 and possibly for v= 26.
Proof. The nonexistence of a (6; 5; 1)-PMD has been shown in [10]. Hence, there is
no (6; 5; 1)-ARPMD. The conclusion then follows by the combination of Lemmas 5.6,
6.2 and 6.3.
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